Abstract-This paper presents an iterative model for the analysis of the current distribution in vertical-cavity surface-emitting lasers (VCSELs) using a SPICE-like approach. The model includes a degeneracy correction for operation at and above threshold. The effect of the resistance due to the p-distributed Bragg reflector (p-DBR) mirror layers and the oxide layer on performance is investigated. Higher sheet resistance under the oxide layer reduces the threshold current, but reduces the current range over which single transverse mode operation occurs. The voltage drop across the p-DBR region dominates spatial hole burning, which is moderated by lateral drift and diffusion. This simple iterative model is applied to commercially available oxide-confined VCSELs.
V ERTICAL-CAVITY surface-emitting lasers (VCSELs) provide low threshold current, a symmetrical optical beam, single-longitudinal-mode operation, and wafer-level testing. Applications include telecommunications, optical interconnects, and optical mice and displays. VCSELs also allow monolithic integration of additional photonic and electronic components. Despite the above advantages, their complexity makes performance optimization a challenge. For example, spatial hole burning (SHB) of the transverse-mode profile can cause nonuniformities in the local carrier concentration in the quantum wells, resulting in a secondary pulse in the turn-off transient or a slow turn-off time [1] .
The carrier and current distributions in VCSELs involve multiple processes, including carrier transport and recombination. Extensive analysis of the physical phenomena in VCSELs [2] [3] [4] [5] [6] includes 2-D current flow, lateral thermal distributions, and optimization of heterostructure distributed Bragg reflectors (DBRs). Hadley et al. [2] developed a 2-D model including heat transfer and accounted for multiple lateral modes. Bissessur et al. [3] later developed a quasi-3D model including carrier transport using a beam-propagation analysis that included scattering losses. More recently, Streiff et al. [4] implemented a detailed electrical-thermal-optical simulator by using a finite-element method for a mesa VCSEL. Their results showed good agreement with measured light-current ( -) and current-voltage ( -) curves. Osiński [5] also showed a self-consistent electrical-thermal-optical model for an oxide VCSEL and addressed current distribution variations with applied voltage. A resistance network was used to solve the current distribution in VCSELs using SPICE [6] .
In [2] and [7] , ambipolar diffusion was included in the carrier diffusion calculation. However, in our iterative model, drift diffusion is used to avoid the ambiguities of the ambipolar approach.
In this paper, we use a simple SPICE-like model that includes both resistors and diodes to show the impact of SHB due to the high series resistance and the anisotropy of the resistivity of the p-DBR mirror on the current distribution within the VCSEL. Most simple theoretical models are based on a rate-equation approach. To our knowledge, all rate-equation approaches assume either a uniform current density or a uniform potential. This constraint is a major problem for VCSELs, because the resistivity of the DBR layers is highly anisotropic. As a consequence, the rate-equation approach to VCSELs has difficulty handling series resistance effects without using finite elements.
We want to know the details of the current density on a microscopic level compared with the scale of the optical mode. Therefore, we consider numerous annular segments of the VCSEL geometry, within which the current density is assumed constant (and therefore the rate equation is satisfied in each annular element).
This purpose of this paper is not to provide a complete analysis of VCSELs, but to determine how layer thicknesses, compositions, and dopings, particularly in the p-DBR mirror region, effect the current distribution as a function of bias current. The iterative model developed in this paper shows that hole burning due to anisoptropy of the resisitivity of the p-DBR mirror contributes to mode changes. This model can also be used to explore design changes to increase the onset of higher order modes to higher power levels.
Process monitors are used during VCSEL fabrication to measure the sheet resistances of the p-DBR mirror and the region under the oxide layer along with the surface recombination current [8] . These measured values, shown in Table I for a particular VCSEL structure, are used in our SPICE-like model to find the current distribution within the VCSEL as a function of bias current. Further, by introducing adjustable parameters in our SPICE-like model that relate to the resistivity anisotropy of the p-DBR mirror, we can fit the predicted light-current ( -)   0018-9197/$25.00 © 2007 IEEE TABLE I  MEASURED PARAMETERS OBTAINED FROM PROCESS MONITORS USED IN THE ITERATIVE MODEL Fig. 1 . Sketch of the right-hand side of a cylindrically symmetric oxide confined VCSEL with three GaAs/Al Ga As QWs. The p-contact forms a contact ring.
and current-voltage ( -) curves to the experimentally measured curves. With an optimum fit, we can obtain the microscopic current distributions as a function of drive current within a VCSEL.
In Section II, we introduce a circuit grid and derive the relevant equations for solving the voltages in the VCSEL. Different lateral current calculation schemes and simulations with and without bandgap renormalization are performed to show the effects on the VCSEL performance. Section III investigates SHB. Finally, in Section IV, simulation results are compared with experimental data.
II. DESCRIPTION OF THE MODEL
We present an iterative model for the analysis of the current distribution in a cylindrical 850-nm VCSEL and use a SPICElike approach to solve the equations. Fig. 1 shows the right-hand side of a circularly symmetric VCSEL with a ring contact on the top (p-side). The current-confining aperture is fabricated by a wet thermal oxidation process that converts Al Ga As to Al O . The opening of the oxide layer defines the cavity radius. The active region consists of three 70-Å GaAs quantum wells (QWs) separated by 100-Å-thick Al Ga As barriers. The isolation trench extends to the n-DBR region.
The circuit network shown in Fig. 2 represents the VCSEL structure shown in Fig. 1 . The resistors in Fig. 2 represent the resistance from the p-DBR layers and the layers under the oxide layer. The diodes represent the three-QW active region. The top of the n-DBR is assumed to be an equal-potential surface because of the higher mobility of electrons and the large surface area of the n-contact.
Here, we describe how the values of each resistor in Fig. 2 are obtained. The radiative recombination current is the sum of the spontaneous and stimulated currents in the active region. A degeneracy correction for the spontaneous current is necessary above threshold [9] . The surface recombination current [8] at the edge of the device is included in the model as shown in Fig. 2 . The lateral currents (due to drift and diffusion) flowing in the QWs are represented by the diode connections with boxes containing in Fig. 2 . The algorithms for finding the voltages and currents in the network shown in Fig. 2 and the models for bandgap renormalization are discussed below and in the Appendix.
A. Resistance
The circuit in Fig. 2 corresponds to the VCSEL geometry from the top of the p-DBR mirror to the top of the n-DBR mirror. All the resistors are related to the sheet resistance ( ) of the p-DBR region. The resistors only under the oxide layer are related to the sheet resistance ( ) under the oxide layer. Each diode defines an annular element in the VCSEL geometry, except that, in the center of the cavity ( ), the element has a circular shape.
The p-DBR mirror consists of 22 pairs of alternating quarter wave thicknesses of Al Ga As and Al Ga As. Conduction in the p-DBR mirror is highly asymmetric with the lateral conduction being much higher than the vertical conduction. This is due to a combination of the large variation of mobilities in the vertical direction, vertical variations in doping, and depletion and accumulation effects in and around the graded transition between the layers due to the different electron affinity values of the alternating layers. All of these effects contribute to the overall voltage drop in the DBR [10] .
In addition to the resistance of the p-DBR mirror, the resistance under the oxide layer is obtained from the current flowing in the layers under the oxide layer. The resistor network shown in Fig. 2 includes three types of resistors: resistors in row one, resistors in row two, and vertical resistors connecting rows one and two. The lateral resistance of the p-DBR region is distributed between the resistors in row one and row two. The adjustable parameter is the ratio of the resistances of the resistors in row two to the resistances of the resistors in row one. The values of the resistors in both rows are related to the vertical doping profile in the p-DBR mirror. The resistance of the th resistor in row two ( ) is related to the measured sheet resistance of the p-DBR ( ) and the measured sheet resistance under the oxide layer ( ) by
The total number of squares in an annular element is (2) so (3) where is the radius of the th annular element. The lateral resistance of the th element inside the aperture consists of the resistors in row one in parallel with the resistors in row two. The value of the resistors in row one is (4) The resistance of the vertical resistors can be found from (5) where is the thickness of the p-DBR mirror, is the area of each element, and , which is another adjustable parameter, is the anisotropy ratio between the vertical and lateral resistivity. The lateral resistivity is . The product of and is the vertical resistivity. The values of and are adjusted to obtain an optimum match of the -and -curves. This analysis provides valuable information about the anisotropy of the p-DBR mirror that cannot be found any other way.
B. Spontaneous Current With Degeneracy Correction
In the QWs, direct electron-hole recombination is a radiative recombination process. From Fermi's Golden rule, the spontaneous emission rate is [11] (6) where is the bimolecular radiative recombination constant and and are the electron and hole concentrations, respectively. Under nondegenerate conditions, the carrier concentrations in the active region satisfies (7) where is the intrinsic carrier concentration, is the electron charge, and is the forward voltage of the VCSEL pn junction.
In each annular element, the carrier-density rate equation for electrons in the QWs is [12] ( 8) where is the electron diffusion coefficient, is the active region thickness (approximated by the total thickness of the quantum wells), and is the current density. The first term in (8) accounts for diffusion and can be ignored because of the thin active region in the -direction and the constant carrier concentration inside each element. Assuming charge neutrality, and . Thus, the spontaneous current density for the non-degenerate case ( ) is
The carrier concentration in (7) assumes the quasi-Fermi levels for both electrons and holes are a few below the conduction band edge (the "nondegenerate" case) or above the valence band edge. With increased current injection, the separation of the quasi-Fermi levels increases and becomes equal to or larger than the band gap. In this manner, a population inversion is achieved, providing optical gain. In this case, a degeneracy correction for (9) is necessary.
We assume the current density for the degenerate case ( ) has a similar exponential dependence as the nondegenerate current (
) and that we can write the ratio of the degenerate current density to the nondegenerate current density as (10) where and is the applied voltage in the degenerate case. The nondegenerate forward voltage ( ) is found from (9) by choosing an initial point that is not degenerate (say V in Fig. 3 ) with a corresponding current density as (11) The quasi-Fermi level separation that is equal to the degenerate forward voltage can be found from the quasi-Fermi-level positions for the electrons and the holes . The carrier concentration for electrons is given by [13] (12) where , is the Planck's constant divided by , is the average electron effective mass from the well and the barrier, and is the th energy level of the subband. The quasi-Fermi level for the electrons can be found from (12) . Similarly, the quasi-Fermi level for the holes can be determined from (13) (12) and (13) where , is the average hole effective mass for the light hole or heavy hole, and is the th energy level for the heavy-hole or light-hole subband. Using in (10) for the degeneracy correction, the spontaneous current density becomes (14) where (15) is the degeneracy correction factor, , , and are the fitting parameters with the value of 3.734 , 1.6 , and 2.09, respectively. Fig. 3 shows the current density as a function of quasi-Fermi-level separation calculated by three methods: 1) from (9) (Boltzmann); 2) from combined with (12) and (13); and 3) from (14) . Methods 2) and 3) provide results that agree within 3%. However, under low Fermi-level separation (the nondegenerate condition), all methods provide accurate results.
The spontaneous current for each diode can be described with a degeneracy correction factor as a function of the voltage of each middle node in Fig. 2 as
C. Surface Recombination
The additional diode at the junction edge (right-hand side of Fig. 2 ) accounts for surface recombination current. This surface recombination rate is [14] ( 17) where is the surface recombination velocity. Similar to the analysis of current above, we can obtain a surface recombination current per unit length given by (18) where is the intrinsic carrier concentration. The resulting perimeter current for this device is (19) where , is the radius to the edge of the VCSEL junction, and the ideality factor is measured to be 1.907 for our devices. This value is about the same for oxidedefined or proton-implanted 850-nm VCSELs [8] because the quasi-Fermi level is always pinned at the perimeter of an AlGaAs/GaAs junction, causing an current at the junction perimeter.
D. Stimulated Current
In addition to spontaneous recombination, radiative recombination includes stimulated recombination. The oxide aperture provides optical confinement for the transverse modes [15] . The optical waveguide is a weakly index-guided structure ( 3 ) and can be described by linear polarized ( ) modes [16] , [17] 
where is a normalization constant, is the oxide aperture radius, and are the Bessel function and the modified Hankel function of order , respectively, are the eigenvalue solutions of the optical waveguide with the characteristic equation [18] (21)
The cutoff value for of the mode is the th root of . Fig. 4 shows the field intensity for and for a VCSEL with a 10-m-diameter oxide aperture.
In this iterative model, we consider two LP modes, and . A modal power ratio describes the ratio of the power in the mode to the sum of the powers in the and modes. The normalized power intensity distribution along the radial direction is (22) where is the ratio of the power in the th mode to the total optical power, and is the normalized maximum power for each mode. The fundamental mode and the next higher order mode (
) have values of and . Assuming radial symmetry, the total normalized power for each element in Fig. 2 is (23) Above threshold, the stimulated current for each th mode is proportional to the optical intensity and material gain and is given by (24) where (25) (26) where is the gain coefficient, and is the transparency current.
is a seed factor and is used to determine the stimulated current for the th mode. The total stimulated current is . The threshold gain is (27) where is the relative QW confinement factor [19] , is the number of QWs, is the width of each QW, and and are the intensity reflectivities of the and DBRs. Note that and and the mirror transmissivities and are the product of amplitude reflectivities or amplitude transmissivities and their complex conjugates. These amplitude reflectivities and transmissivities are calculated using complex indexes for the DBR layers that account for the doping of the layers, so the DBR mirror losses are included in (27). For each mirror, , where is the fraction of light absorbed in the DBR mirror. In practice, the calculation of the reflectivity of the p-DBR mirror includes all of the layers from the center of the QWs to the top layer of the p-DBR mirror and the reflectivity of the n-DBR mirror includes all of the layers from the center of the QWs to the bottom layer of the n-DBR mirror. Therefore, all losses (internal and mirror) are accounted for in (27). In edge-emitting lasers, and the internal losses of the long ( m) cavity appear explicitly in the threshold equation [20] .
The higher order mode generally has a higher threshold gain than the fundamental mode because of the intensity profile overlap with the current distribution [21] . 
E. Lateral Drift and Diffusion Currents
The nonuniform carrier concentrations in the lateral direction and the voltage variation at the top node of each diode in Fig. 2 must be determined. Figs. 5(a) and 6(a) illustrate the variation of the hole and electron quasi-Fermi levels in the radial direction [22] at threshold and at three times threshold. Near threshold (see Fig. 5 ), the gain is highest in the center ( ) and falls off gradually with increasing . Therefore, the separation of the quasi-Fermi levels is greatest at and decreases with increasing radius. Above threshold (see Fig. 6 ), the high intensity of the fundamental mode nonuniformly depletes the carriers and reduces the gain for 3 m. As a result, the separation of the quasi-Fermi levels can be reduced near , reduced more for m, and then increased for m. Since we assume that the n-DBR is an equipotential surface, the potential of the bottom nodes of all the diodes in Figs. 2, 5, and 6 are equal, and therefore the quasi-Fermi level in the conduction band is constant. Therefore, the lateral voltage variation results in a laterally varying quasi-Fermi level in the valance band as shown in Figs. 5(b) and 6(b) . The lateral variation of the separation of the quasi-Fermi levels in Figs. 5 and 6 are associated with the nonuniform gain distributions discussed in Section III and shown in Fig. 12 .
An ambipolar diffusion (AM) model is often used to calculate drift and diffusion of electrons and holes. The ambipolar diffusion coefficient can be written as [23] (28) where and are the electron and hole mobilities, and and are the diffusion coefficients for the electrons and holes, respectively.
Since our iterative model assumes that the n-DBR is an equipotential surface, our model only accounts for hole drift and diffusion. By integrating the hole diffusion current density ( ) over the radius, we can find the diffusion current between adjacent diodes as (29) SHB due to the resistance of the p-DBR mirror results in an external electrical field in the lateral plane, which causes hole drift in the QWs between adjacent diodes. The hole current density due to drift is related to the potential difference between the diodes and is given by . Taking the average hole concentration between adjacent diodes and integrating over the radius, the drift current is (30)
The lateral drift-diffusion current between two adjacent nodes is the sum of the drift and diffusion current given by (29) and (30).
F. Complete Model
From the above results, we can set up a system of nodal equations (see the Appendix ) for the circuit in Fig. 2 . Starting with an initial guess of the node voltages, a Newton-Raphson method solves the nonlinear system of equations to find the middle and top node voltages. After finding the node voltages, the resulting stimulated current must satisfy the round trip gain condition [(24)- (26) ] and converge to the stimulated current . The convergence condition is (31)
If the convergence condition is not fulfilled, we need to adjust the bias voltage applied to the anode and the modal power ratio . A flowchart describing the program is shown in Fig. 7 . The total current through the VCSEL is the sum of the stimulated, surface recombination, and spontaneous current. The threshold current can be found by making the stimulated current small ( 0.01 mA) while simultaneously satisfying (24)- (26) and (31). The -curve can be obtained by iteratively increasing the input current.
G. Lateral Carrier Transport Discussion
We have the option of calculating the lateral current distribution by either the ambipolar (AM) or the drift and diffusion (DD) method using the parameters shown in Table II . The lateral carrier transport current simulated by the AM method uses (28) for the diffusion coefficient in (29). Fig. 8 shows the calculated -curves using both the AM and the DD methods. The DD method has a 7% higher threshold current than the AM method as shown in Table III .
The higher threshold current calculated by the DD method is due to higher current under the oxide and higher perimeter current. Although the DD method is more accurate, there is only 7 error in the calculation of the onset of the higher order mode calculated by the AM method. This small error is a bit surprising, since the AM method results in a lateral conductance that is about 50% of that calculated by the DD method for a stimulated current of 2 mA, as shown in Fig. 9 . The AM method underestimates the total charge transferred in the QW region, especially under the oxide region.
H. Lateral Bandgap Renormalization
Because the carrier injection varies laterally, the amount of bandgap renormalization varies laterally. The empirical bandgap energy reduction, , is related to the 2-D carrier concentrations by [24] (32) where is the sheet carrier concentration. The reduction of the junction voltage by the carrier concentration is included in the iterative model by adding a dependent voltage source above each diode as shown in Fig. 10(a) . The middle nodes (which Fig. 2 are supernodes consisting of the two nodes shown in Fig. 10(a) . The voltage relation between these two nodes, and in Fig. 10(a) is given by
The system of equations for solving the network voltages and currents is shown in the Appendix . The voltage reduction due to bandgap renormalization ( ) varies with the radius as shown in Fig. 10(b) . In the cavity aperture, depends on the amount of spatial hole burning.
rapidly becomes less negative under the oxide with increasing radius. 
III. SPATIAL HOLE BURNING
Here, we consider SHB in a VCSEL with an aperture radius of 5 m with the parameters described in Table II . The optical intensity profile of the (fundamental) and (next higher order mode) is initially determined by the cold cavity ( , ) index profile. Figs. 11 and 12 illustrate the carrier concentration and gain distribution in the cavity aperture under different current injection levels, respectively. The local material gain distribution has the same trend and shape as the carrier concentration distribution. At low current values ( ), the lateral gain has a distribution with a peak at and decreases monotonically with increasing , as shown in Fig. 12 . At threshold, the carrier concentration has the highest value in the center of the aperture, as does the local material gain profile. As a result, the fundamental mode (Fig. 4) is favored and becomes the first mode to lase. The carrier concentration becomes more nonuniform within the VCSEL aperture than outside the aperture with increasing current above threshold due to spatial hole burning [5] . As the current increases above threshold ( ), the increase in the fundamental mode intensity near causes an increase in stimulated emission in the vicinity of , which reduces the number of carriers available to provide gain (this process is called hole burning [25] ). This results in a flattening of the carrier distribution within the aperture and a substantial increase in the carriers in the vicinity of 3 m (the location of the peak of the mode), since the total modal gain must remain constant. With further increases in the current ( ), the carrier concentration (and therefore the gain) in the center of the aperture is further reduced and the resulting gain profile has a favorable overlap with the mode. Thus, the gain becomes substantial in the vicinity of the peak of the mode, and this higher order mode begins to produce noticeable power. As the intensity of the mode increases, there is less power in the mode, which allows the gain and carrier concentrations near to increase as shown in Figs. 11 and 12 . In general, the presence of spatial hole burning requires that the quasi-Fermi levels are not pinned at threshold. Therefore, the spontaneous current and spontaneous emission continues to increase above threshold. However, the round trip gain of each steady-state lasing mode has to equal 1. The variation of the separation of the quasi-Fermal levels due to spatial hole burning for the examples shown in Fig. 12 for and are shown in Figs. 5 and 6.
IV. RESULTS

A. Calculated Results
We perform a sample simulation with the parameters in Table II and apply the DD method with a bandgap renormalization correction at an injection level equal to . The Ohmic current flowing through the resistors ( , , and ) will always be larger than the lateral DD current flowing in the QWs ( ). Within the aperture, the Ohmic current is about 18 times larger than DD current as shown in Fig. 13 . At , the mode is dominant in the cavity region. As a result of spatial hole burning, the DD/Ohmic current ratio as a function of radius has low values for m and high values for m. The dip of the DD/Ohmic ratio for m from the maximum to minimum is about 13%, which tracks the changes of carrier concentration as shown in Fig. 11 . Under the oxide region, the lateral drift current in the QW region becomes important. Fig. 14(a) shows the current density distribution in the QW at . The stimulated current is the main contribution to the total current. The lateral Ohmic current density near the top of the p-DBR mirror (flowing in the resistors of row one) is shown by the solid line, and the lateral Ohmic current density near the bottom of the p-DBR mirror (flowing in the resistors of row two) is shown by the dotted line in Fig. 14(b) . A positive lateral current density means that the voltage on the node with a larger radius is higher than the adjacent node with a smaller radius. In this case, the current flows towards the center of the aperture. The current density flow from the top to the bottom of the p-DBR mirror is shown in Fig. 14(c) .
Applying a voltage ( ) at the node labeled "anode" results in a nonuniform current density around the edge of the aperture as shown in Fig. 14 . Within the aperture, the middle nodes carry current from both vertical and horizontal resistors to the diodes. However, at the edge of the aperture, the middle nodes only carry current radially and downwards to the diodes. Fig. 15 shows the voltage distribution of the top and middle nodes. The voltage along the top nodes decreases towards the middle of the aperture since the Ohmic contact is near the edge of the aperture. The voltage of the middle nodes is reasonably flat within the aperture and decreases with increasing radius outside the aperture.
Calculated -curves for sheet resistance variations under the oxide layer and in the p-DBR regions for and are shown in Figs. 16 and 17 , respectively. Increasing the sheet resistance under the oxide layer reduces the threshold current as shown in Fig. 16 since current at to 6 m has little overlap with the optical mode and contributes to perimeter current. These results show that the threshold current is reduced by 40% by increasing from 1000 to 5000 /square. The result is similar to that found for stripe-geometry double-heterostructure lasers [26] . The series resistance calculated from the -curve is almost independent of . Fig. 16 shows that a lower helps maintain single-mode operation to higher current values, at the expense of a higher single-mode threshold.
Changing the p-DBR mirror sheet resistance has little effect on the onset of threshold of the next higher order mode, as shown in Fig. 17 . Therefore, a lower can be chosen to minimize the series resistance. The power ratio in Fig. 17 , unlike in Fig. 16 , varies less than 1%.
Figs. 18 and 19 show how the adjustable parameters and affect the -curves for square and square. The series resistance changes as changes, but and the threshold current remain almost unchanged. Increasing means the resistances at the heterointerfaces and/or the layer resistances in the p-DBR mirror are higher, resulting in a higher series resistance as shown in Fig. 18 . On the other hand, the threshold current, series resistance and dependence on are minor as changes from 2 to 5, as shown in Fig. 19 .
In summary, the variation of has the most impact on both threshold current and on maintaining single-mode operation at higher current levels. and play a major role in determining the series resistance of the device. Table IV shows the values of the adjustable resistivity anisotropy parameters and that closely match the theoretical to the measured -and -characteristics shown in Fig. 20 for a multimode VCSEL with an aperture radius of 5 m. Adjusting mainly effects the slope of the series resistance (see Fig. 18 ).
B. Comparison With Experiment
The measurements were done under CW wave operation at current levels below thermal rollover. The measured voltage ( Fig. 20) is higher than that calculated with this model. This difference cannot be eliminated by adding more resistance at the hetero-interfaces since the slope of the resistance is determined by . Adding more resistance for the hetero-interfaces will change the differential series resistance.
The vertical resistivity is made up of the resistivity of the 15% AlGaAs layers, the 85% AlGaAs layers, and the effective resistivity of the hetero-interfaces. Each mirror layer has two opposed hetero-interfaces, so each pair of hetero-interfaces has one "forward" biased and one "reverse" biased junction, each with a small offset voltage. The difference between the measured and modeled -is the sum of all of the nonlinear voltage drops for each mirror period.
For the example in this paper, the model requires an anisotropy ratio of 7.7 to match the experimental results, suggesting that only 16% of the vertical resistance results from the conductivity in the doped mirror layers in the p-DBR mirror. The remainder of the vertical resistance is due to the small voltage drops at the hetero-interfaces.
The difference between the calculated and measured voltages (about 5%) above threshold can be described by the following polynomial expression (34)
The optical output power is obtained from the stimulated current (35) where is the stimulated quantum efficiency and can be expressed as the ratio of the stimulated current to the difference between the total current and the threshold current
The slope of the -curve is
where is the photon energy, is the intensity transmissivity of the p-DBR mirror, and and are the intensity reflectivities of the p-DBR and n-DBR mirrors [see the discussion associated with (27)]. We demonstrate a SPICE-like approach to solve the detailed current and voltage distributions in VCSELs. The model includes both spontaneous and stimulated recombination in the quantum wells and includes surface recombination at the junction perimeter. Drift, diffusion, and bandgap renormalization are included in the model. SHB is dominated by the voltage drop due to the resistance of the p-DBR mirror moderated by lateral drift and diffusion of carriers. This model shows good agreement with experimentally measured -and -curves and provides insight into the detailed distributions of current and voltage within a VCSEL.
APPENDIX
We can find the voltage for each node in Fig. 2 from nodal analysis by Kirchhoff's current law. The top nodes are on top of the vertical resistors in Fig. 2 . The top node voltages are given by (A1), which is shown at the top of the page.
Similarly, the middle node voltages are given by (A2), shown at the top of the page, where is the conductance and is the sum of and . is the stimulated current for the mode and is the stimulated current for the mode [see (24) ] in the th annular region.
When we consider the bandgap renormalization effect, in (33) replaces in both (30) (for the drift current) and in (A2) for the system equation. Note that in (33) are used to calculate the spontaneous current (16 
